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The problem of compression of elastic bodies was formulated and solved
by Hertz in 1882 [1). Hertz took into account only the first terms in
the expansion of the equations of the contact surfaces of the bodies and
neglected friction, and therefore he was able to use the apparatus of
the theory of Newtonian potential which was developed at that time. In
particular, a complete analogy was shown to exist between the contact
problem of two elastic bodies and the problem of the gravitational field
of a homogeneous ellipsoid.

Numerous publications were devoted during the ensuing years to the
application and verification of Hertz’s results.

Beliaev [2] calculated the values of the stresses inside the contact-
ing bodies.

Attempts to estimate the influences of friction forces on the contact
stresses and on the relative displacements of contacting bodies were
made by several authors.

In the papers by Cattaneo [3) and Mindlin [4] the problem of the com-
pression of bodies is solved which have like mechanical characteristics;
in this case the pressure distribution, the size and the shape of the
contacting surface turn out to be independent of the shear stresses.

The problem of the determination of adhesion forces was thus ultimately
reduced again to well known problems of potential theory.

The problem of rolling of elastic bodies was considered with the same
assumptions in [5].
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Principally new problems, from the mathematical point of view, occur
in the study of contact problems taking into account friction (or
adhesion) in the case when the material properties are not alike.

The first such problem under conditions of a plane state was formu-
lated and solved by Abramov [6).

The problem was formulated thus: to find the stress distribution
(normal and shear) at the base of a plane, absolutely rigid die inter-
acting with an elastic half-plane, if its base and the boundary of the
semiplane exhibit no slip. Obviously, this is another limiting case:
the adhesion forces are so large that they fully inhibit the slippage
of the points on the boundary of the semiplane relative to the base of
the die.

In this case the boundary conditions of the mixed problem of the
semiplane are as follows: outside the contact region the surface
tractions are absent (or given), inside the contact region the compo-
nents of the displacement vector are given.

Later this problem was considered by Galin [7] and Muskhelishvili
[8] in a general manner. In another paper [9], Galin considered the
problem when the contact area, aside from the region of adhesion, con-
tains also regions of slippage. Friction in these regions was assumed
to be linearly related to pressure (Coulomb’s law).

The mixed problem of the theory of elasticity for a semi-space with
a circular separation for boundary conditions was first formulated in a
general manner and solved by the author in paper [10]. By way of
examples various cases of interaction of a plane circular die with
elastic semispace were considered under conditions of no slip within
the complete contact region.

Somewhat later the same problem was investigated by a different
method by Ufliand [11].

Below the following problem is considered (Fig. 1). We shall assume
that, as the compressive force is gradually increased, the contact
region increases also gradually. Let it be assumed that for a certain
value of the force P the points Al and A2 of the bodies 1 and 2, re-
spectively, enter into contact. As the compressive force is increased
further, these points will be inside the contact region. We shall assume
that the adhesion forces will not permit any relative displacement of
the two points.

We shall consider the contact of elastic bodies during the process
of its development, assuming that the increase in the loading is suffi-
ciently slow, such as to neglect the dynamics of the process. The state
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of stress will then depend on the loading parameter. The problem is
solved under conditions of axial symmetry.

In Section 1 of the paper as an illustration to the solution of the
proposed method, the known problem of the indentation of a smooth axi-
symmetric die into an elastic half-space is considered. Section 2 con-
tains the solution of the indentation into an elastic half-space of a
rigid die under conditions of adhesion (limited case of the formulated
problem, when one of the contacting bodies is absolutely rigid).

In Sections 3 and 4 the results of Section 2 are extended to the
general case when the elastic constants of the contacting bodies are
different. In Section 5 a specific example is considered, which concerns
the compression of two rotational paraboloids.

1. Let us consider the problem on the indentation of a smooth, abso-
lutely rigid die into an elastic half-space (Fig. 1). Let z = ®(p) be
the equation of the surface of the die,
whereby ©(0) = 0. As a loading parameter
which determines the stage of the state
of stress, we take the radius of the
contact area a.

The state of stress of the half-space
in the absence of shear tractions on the
boundary surface may be finally described
by means of a single harmonic function
9;(x, v, z), and the stresses o, on the
boundary and displacements w are expressed by the formulas

0: (2.4, 0) = ;e @ ¥ 0 (@00 =0@n0) ()

In the following, taking into account the dependence of @, on the
parameter a, we shall designate it by ¢,(p, z, a).

Let us consider two neighboring states, which correspond to the
values of the parameter a and a + Sa. By virtue of the linearity of
elasticity problems the difference in the states of stress will also be
some state of stress.

Let f(a) be the settlement of the center of the die. Then the bound-
ary conditions for the state of stress considered will be

wi{p,0,0) = —f(@—@p) (<o), 6. (p,0,a) =0 (p>gz)

wp,0,a+8)=—F(@a+8)—®F  (<atda

o,(p,0,a+ 8a) =0 (p>a+ da)
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Using (1.1), we obtain

e 0a)=—f@—®FE e<a PP 0,0=0 (>q
@3 (P, 0,a +8a) = — f(a+3a) — @ (p<a+8a) (1.3)
@5 (P, 0,a +8a) =0 (p>a+8a)

From (1.3), passing to the limit as Sa ~ 0, we have

a9s (p, 0, , 89, (p, 0, a)
PERD — 1@ p<a =0 e>9 (4

The derivative of a harmonic function is also a harmonic function.

Conditions (1.4) are sufficient for the determination of a harmonic
function @aa(p, z, a). Obviously, this function will be the solution of
the problem of the indentation into an elastic half-space of a circular
die with a smooth plane base by a depth f’(a). Thus, the expression is
valid

206D — f @) g (o ) (1.5

where ¢0(p, z, a) is a known function, corresponding to the solution of
the problem on the indentation into an elastic half-space of a circular
die by unit depth. From (1.5) it follows
a
% (b, 2 a) =\ O @0 (pr 2, 9 dt (1.6)
[\]
Assuming z = 0 in equation (1.6) and taking into account condition
(1.2), we obtain an integral equation for the determination of the un-
known function f(a)

a

~ @@ =7 © oo (p, 0, + 11 a (A
0
On the boundary of the half-space ¢y (p, z, t) takes on the values
2
Po (P. 0, t) = —1 &>, Do (P, 0’ t) =" sin=? _;— {t<e)
Thus, equation (1.7) takes on the form
e
N 2
—o@ ={ro[-% w & +1]a (1.8)

0
Differentiating (1.8) with respect to p, we obtain
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0@ =2 \1 0

This is Abel’s equation. Its solution is of the form

(1.9)

p ~1
foy=——+@—rm 10 @+ o @dr
V]
and the following is valid

K4 2 Is
Pz (Ps 0, 8) = Ty <) @ G:00=0 >y (1.10)

Using (1.6) we find

a i
’ __ 1 1 d (D (r)rdl di
o (0.0 = — -\ 7 (S = (1.41)
-]

1}

After simple transformations, using (1.1), we obtain the known
formula for the pressure under a die in the case when the pressures on
its boundary are bounded (12]

a t
N E dt () + O ()
Gz (pv O’ a) - _ﬂ (1_"2)ng S Vt’——r’ d (1‘12)
4 0

m

For the following we note that if f'(t) = t™, then O(p) =C p".
To find the value of the constant Cm we use the known formula

1

S ze-1 (1 — z)P1 dx = i‘_‘%gl_%% (1.13)

o
and after transformations

1 |
. g 1 T@T (@)
oot (=2l = gy

In the case considered p = 1/2, a = 1/2 m + 1. Thus, with the aid of
the substitution f'(¢) = t™ from (1.9) we obtain

2 TM)T{am-2) (1.14)

mE TR T T (Rm¥3)

In the general case, when 0’(p) is a polynomial

k
D (p) = D) Amp™

=0
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the function f’(t) is also a polynomial
LA
fF@)y=2 5= (1.15)
m=p M
2. Let us consider now the indentation of an absolutely rigid die,
with axial symmetry, into an elastic half-space. We shall assume that
the adhesion between the surfaces of the die and the half-space is so
large that slippage on the contact area is completely absent. The bound-
ary points of the elastic half-space, which enter into a contact with
the surface of the die, adhere to it and move together with the die,
that is, parallel to the z-axis, during the further evolution of the
process. Mathematically, this condition is expressed by the function of
radial displacements uz(p, z, a) in the contact area being independent
of the radius of the die a.

Thus, the boundary conditions of the problem may be written in the
form

w (p, 0, a) = —f (a) 4 (p). ur (P, 0,0) = F (P) (r<La)
6, (p,0,a) =0, 7, (05 0, 8) = 0 (P>a)

Using the general solution of the equations of the theory of elasti-
city in the form of Trefftz, the state of stress for the half-space may
be described with the aid of two harmonic functions. In the case of
axial symmetry the relations (2.1) take on the form

2.1)

(2.2)
r<a)
Paz (ps 0, a) —_ ‘%(P;z @: O, a) = 0, Ps (P; 0, a) - Aq)l. (P, 03 a) =0 (a<p)

@3 (P, 0, a) = — f (a) — @ (p), Pez (p, 0, a) = %F (p)+ F (p)

Here

o p4+A {1 —w
4= n =2 2—2v

For a neighboring state with a radius of the area a + 8a, the rela-
tions (2.2) take on the form

@s (P, 0, a + 8a) = — f (a + 8a) — @ (p)
9u: (pr 0,0 + 8a) = 2EOL L T o oy )

(2.3)
q)SZ (P1 0’ a + 6a) - T¢4z (P, 0, a + Ga) = 0

®s (P, 0, a + 8a) — Apy(p, 0,a + 8a) =0 (a4 8a<p)

Just as in Section 1, we consider the difference of the state of
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stress as 8a -~ 0; then we obtain

393 (¢, 0, , 99, (¢, 0, a)
B2 — —f@), —Ep—=0  <a
(2.4)
09y, (P, 0, 6) 1 99, (p, 0, a) 993, 0, a) 394 (p, 9, a)
a — A da =0. e — A= =0 @<p

Conditions (3.4) indicate that the state of stress in a half-space,
described by the harmonic functions dp,(p, z, @)/da, 3¢,(p, t, a)/3a,
corresponds to the symmetric indentation of a plane circular die into
an elastic half-space under the conditions of adhesion [no slip] by a
depth f'(a). Thus, the sought functions can be represented in the form

8%(;1, 2, a) —_ a¢4(P- z, a) —
da

1 (8) @ (P, 2, 1), Gt =" (a) Qe (P» 22 @) (2.)

where @,,, ¢,, are known functions [10], which correspond to the solu-
tion of the problem of the indentation into an elastic half-space of a
plane circular die by unit depth under conditions of adhesion

Ps (P, 2,8) = Sf’ () 930 (P5 2, 2) dt (2.6)

a
%@, 20) =\ () 9a (e, 2,0 dt 2.7)
0
Setting z = 0 in equation (2.6) and considering (2.2), we obtain the
integral equation
a

— @@ =\f © lgw (e, 0, ) + 11t 2.8)

On the boundary of half-space the function ¢30(p, 0, t) takes on the
values

e

1 P dz
910 (P2 0, 1) = o S B (@0, ) e 2.9)

where

ul;(x, 0, t)=—4 z <), ul;(z, O,t):[—4+400591ﬂ——z;:]

>0 (2.10)

1 A+1 1

Thus
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PP, 0, ) = — 1 (p<y)

P
@0 (pr 0, ) = — 1+ = cos (61 S77) V‘:ﬁ_ﬁ e>0 (2.49)
4]

Thus, the equation for the determination of the sought function f'(t)
takes on the form

P 4
_(D(p)=%8f’ (t)dtg"“,’:’d’  a(@h) =cos (nZ=1)  (242)
t

Changing the order of integration in (2.12), we obtain

E at (2.13)

_(I)(p)=—2—§ dz gf {t) cos 61n = =

11 'fpz

Now it becomes obvious that the discovered property of equation (1.9)

is valid also for equation (2.13). Substituting f’(t) = t™, we find that
o(p) =d p"l 1, where

1 1

9 gmh d 1—t

dn= =\ deymeos (00 57 ) (219
0 [

Consequently, equation (2.13) may always be inverted whenever ®(p) is
a polynomial.

The pressure at the base of the plane circular die with unit settle-
ment is determined from the formula

P
_ sepp MY A1 [ Az, t)dz
%oz (P, 0, 1) = (K + A) S Vi -2 — )
1}

Goz (P, 0, 1) = 0 (p>> 1) (2.15)

)

Thus, the pressure in the general case of indentation of an abso-
lutely rigid die with axial symmetry under the conditions of adhesion
[no slippage] is determined by the expression

_ 8@ A VA1 ( x(z, 1)t
o, (¢, 0y a) = e gf <z)rdt§},2 o (219

3. Let us consider the problem of compression of two bodies possess-
ing axial symmetry. As is usual we shall assume that the contact area
is small as compared to the linear dimensions of the contacting bodies
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and we shall replace them by two half-spaces. In the sequel all quanti-
ties pertaining to the "lower" half-space (z<C0), will be indicated by
subscript 1; quantities pertaining to the "upper" half-space, by sub-
script 2.

As before, the radius of the contact area a will be taken as the
parameter which determines various states of stress.

Let the equations of the surfaces of undeformed half-spaces be,
respectively

z = @, (p), z = Oy (p) (3-1)

The boundary conditions of the problem may be written in the form

0y (py 8. a) = 0 (P’ 0, a), Tize (P2 0, @) = Torp (p, 0, 0) (0 <p< o)
w, (Pv 0, a) — wy (p, Ov a) = (Dl (p) — (D,a (P) —f (d) 3.2)
urr (P, 0, 0) — upr (. 0,8) = F (p)  (p<a)
0. (P, 0, a) = 0, Tize (P, 0,0) =0 p>a

Comparing, as before, two infinitely close states and considering
that F(p) does not depend on a, we find

6w;(p, 0’ a) — 6wg(p, 0, Ll) — ""’f'(a)

da da
du,, (g; 0, a) . du,, (Z; 0, @) —0 (p<a
ds,, (p;,a 0, a) —0, ., (:; 0, a) ~0 (a.</p) 3.3)
dsy, (g; 0, a) — 95, (g; 0, a) ‘ 91y,, ({; 0, a) _ oy, (Z; 0, a) 0<p < o0)

The boundary conditions (3.3) determine, within the accuracy of the
factor f'(a), the following problem: two half-spaces are bonded on a
circular area and then are displaced one with respect to the other along
the normal to the boundary by a unit amount. If the quantities which de-
termine the solution to this problem are given the indices 10 and 20
for the lower and the upper semi-space, respectively, then the following
relations are valid

awﬁ (py z, a)

—?ﬂ_(%!&m .—:——f, (a) Wyo (P‘ Z, a)’ T éa -7 f,(a) Wi (P' i a)
’ ; | 3.4
ﬁfj%;_'_fl - f: (a) Oroz (p, Z, a) ete. ( )

or, after integration with respect to a
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w, (p, 2, @) = ——S "(8) wyy (py 2, t) dt
wy (p, 2, @) = —S FO) we (p, 2, ) (3.5)

01z (ps 2, @) = — \ f'(t) Oz (p. 2, 1) dl etc.

L- T

The first two equations (3.5), together with (3.2), yield an integral

equation for the determination of the sought function
a

®,6) — @y () = — | () boso ) 0, ) —wap (4,0, 8) — 11 (3.6)
0
4. Here we solve the auxiliary mixed problem, whose special case was
formulated in Section 3: to determine the state of stress and deforma-
tion of two half-spaces, occupying, respectively, the regions z <0
(lower or first half-space) and z >0 (upper or second half-space), if
the conditions are prescribed

uy (@ ¥, 0) — uy (2,9, 0) = u (2, 9)
v (z, 9, 0) — v, (2, y, 0) = v (x, y) in regions
w (2,9, 0 —wy(z,9, 0 =w (2, 9) (4.1)
012 (2, ¥, 0) = 03, (2, ¥, 0), Tizx (Z3Y, 0) = Tozx 2, ¥, 0)
Tizy (% ¥, 0) = Tory (2, ¥, 0)

where u(x, u), v(x, y), w(x, y) are known functions.

Further, we shall assume that outside the region S the surfaces are
not subjected to any loads and that the stresses and displacements in
both half-spaces are vanishing at infinity. Let it be assumed that on a
portion of the boundary S of the elastic half-space z <X 0 the loads are
applied

61z (2, ¥, 0)=N (%, ¥)s Tiax (2, ¥, O)=L (2, y), T1zy (@, Y, 0)=M (z,y) (4.2)

The displacements of the boundary points are determined by formulas

(3]
1 L
u, (z, y. 0) =WS—dS —“————SLaﬁrds——

S ' T Gy (M ) 3 3z
— i 1 2 (4.3)
4y (A 4 ) S dxdy ds — T TR g N -5;11’1 rds

S S
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M M o%r
2)1 (x’ y1 O) 2”}“1& r ds_méM@Eds—
—_— M a%r _ 1 K3
4ny (M -+ ) SL g N m Inr ds

a0y~ G Oat ) )

_ M+ 2 N 1 alnr alnr
w; (2,9, 0) = 4mp (A + pa) §7d3+ 4"(7\'14—}11)&( +M )ds

Here and in the following

r=Vz— 1) + @ — y)° (Ai=";%i(_x-t-2|-_l:i;)—" i=1,2) (4.4)

Formulas (4.3) are transformed to the form
axq 0121 _ A1 6L oM\ 9s { N
Frinal i “4?§ (% +%) 7~ maTw § wds (&9
MO N 1 oL , oM
wy = E§ T EmaTE é (%-—{- —ﬁ)lnrds

Analogous formulas are valid for the upper half-space with the differ-
ence that the sign of the first integral has to be changed.

Thus, we obtain

2 a A A oL d
2y — ug) + 55 (o — %) =—‘£,—}—'~’§(a— )=

- —41_“[%1-:-}11 - M-:—M]S —NTds (4.6)
wﬁwz:ﬁ%"iég——}_hlim M+pa]g B ) Inrds

In the case of axial symmetry considered, the quantities entering
into (4.6) determine completely the state of stress and deformation.

Expression (4.6) may be considered as an integral equation for the
determination of the quantities N, 9L/dx + 9M/3y. On the other hand,
when these quantities are found, using formulas (4.6) one can find the
values of the functions w; —~ w, outside S.

For the elastic half-space z <(0Q with elastic constants A, u, which
are determined by the formulas
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Atp M+m A’ (D) P (M W) Wa(Aatpa)

the integral equations of the mixed problem are equivalent to equations
(4.6). Thereby the force and geometric factors of both problems coincide
on the boundary surface.

Consequently, the solution of the problem in Section 3 is auto-
matically extended to the general case of compression of elastic bodies,
with the only difference that in place of elastic constants A and p we
have to substitute their values from (4.7) into the formulas.

5. As an example we consider the indentation of an absolutely rigid
sphere into an elastic half-plane under the conditions of adhesion [no
slip].

Limiting ourselves in the expansion of the equation of the sphere of
radius R by the first terms, as is usually done in such types of prob-
lems, we obtain

1
D (p) = 5z 0" (5.1)
In accordance with (2.14) we obtain

PO =—gr (5.2)

We indicate below the values of the quantities d; for various values
of Poisson’s ratio v

v=0 0.1 0.2 0.3 0.4 0.5

dy=—0.225 —0.234 —0.240 —0.244 —0.248 —0.250

The total loading P, which produces a given settlement of the die,
using (2.16), is found to be

_—a a P
3

_ sput+rYAa—1 , X (@, 1) dz
P= i §2u pdp§f ) tdtS )

[

Substituting the expression (5.2) for f’(t), and interchanging the
order of integration, we obtain

e LNV BT (,( o
P = R |4 g 1 (50) (5.4)

0 x
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Changing the order of integration, we have

———— G t
p— BW@+HY AT S't’dtg LR (5.5)

@1+ A Ry S ya—a

The inner integral is easily evaluated by the method of Muskhelish-
vili and is equal to

n VAF1
2 4

Finally, the following expression for the total force P is obtained

_ 8O+ A) (A — 1) e
P=——saiThkia (5.6)
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